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Artificial Neural 
Networks!

!
Lecture 9!
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Some History!
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Some History!
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Some History!
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Perceptron!
g  Perceptron is a algorithm for learning linear 

threshold  function that takes an input X = 
[x1,x2, …, xd]T and maps it to a binary output !

Σ 
 

x1 
w1 

x2 
w2 

xd 

wd 

Output = 1 if Σxiwi > θ (threshold)  

Output = -1 if Σxiwi < θ (threshold)  
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Perceptron!
g Perceptron algorithm will yield a linear 

decision boundary!

w= [w1, w2]T 

x= [x1, x2]T 

wTx > θ 

wTx < θ 

θ is threshold 
weight or bias 

x1 

x2 
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Perceptron – Example 1!

x(1= [3,1] T 

x1 

x2 θ =0 

x(2= [1,2]T 

x(3= [2,-1] T 

x(4= [1,-2] T 
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Perceptron – Example 1!

x(1= [3,1]T 

x1 

x2 θ =0 

x(2= [1,2]T 

-x(3= [-2,1]T 

-x(4= [-1,2]T 

Replace one of 
the classes by 
their negatives 
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Perceptron – Example 1!

x(1= [3,1]T 

x1 

x2 θ =0 

x(2= [1,2]T 

-x(3= [-2,1]T 

-x(4= [-1,2]T 

w(1)= [0,-1]T 

Iteration 1 
(guess w) 
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Perceptron – Example 1!

x(1= [3,1]T 

x1 

x2 θ =0 

x(2= [1,2]T 

-x(3= [-2,1]T 

-x(4= [-1,2]T 

w(1)= [0,-1]T 

Iteration 1 
(guess w) 

wTx(1=-1 
wTx(2=-2 wTx(4=-2 

wTx(3=-1 
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Perceptron – Example 1!

x(1= [3,1]T 

x1 

x2 θ =0 
η=0.1 

x(2= [1,2]T 

-x(3= [-2,1]T 

-x(4= [-1,2]T 

w(1)= [0,-1]T 

Iteration 1 
(guess w) 

Correction =  
Sum of all mis-

classified samples 
(wTx<0) 

wTx(1=-1 
wTx(2=-2 

wTx(4=-2 

wTx(3=-1 
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Perceptron – Example 1!

x(1= [3,1]T 

x1 

x2 θ =0 
η=0.1 

x(2= [1,2]T 

-x(3= [-2,1]T 

-x(4= [-1,2]T 

w(1)= [0,-1]T 

Iteration 1 
(guess w) 

[1,6] 
Correction 

vector 

Correction =  
Sum of all mis-

classified samples 
(wTx<0) 

wTx(1=-1 
wTx(2=-2 

wTx(4=-2 

wTx(3=-1 
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Perceptron – Example 1!

x(1= [3,1]T 

x1 

x2 θ =0 
η=0.1 

x(2= [1,2] 

-x(3= [-2,1]T 

-x(4= [-1,2]T 

w(2)= [0.1,-0.4]T 

Iteration 2  
w(2)=w(1)+ηΣmis-classifed samples 

[1,6] 
Correction 

vector 

Correction =  
Sum of all mis-

classified samples 
(wTx<0) 



16!

Perceptron – Example 1!

x(1= [3,1]T 

x1 

x2 θ =0 
η=0.1 

x(2= [1,2]T 

-x(3= [-2,1T] 

-x(4= [-1,2]T 

w(2)= [0.1,-0.4] 

Iteration 3  
w(3)=w(2)+ηΣmis-classifed samples 

Correction =  
Sum of all mis-

classified samples 
(wTx<0) 

wTx(1=-0.1 
wTx(2=-0.7 

wTx(4=-0.9 

wTx(3=-0.6 
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Perceptron – Example 1!

x(1= [3,1]T 

x1 

x2 θ =0 
η=0.1 

x(2= [1,2]T 

-x(3= [-2,1]T 

-x(4= [-1,2]T 

Iteration 3  
w(3)=w(2)+ηΣmis-classifed samples 

[1,6] 
Correction 

vector 

Correction =  
Sum of all mis-

classified samples 
(wTx<0) 

wTx(1=-1 
wTx(2=-2 

wTx(4=-2 

wTx(3=-1 

w(2)= [0.1,-0.4]T 
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Perceptron – Example 1!

x(1= [3,1]T 

x1 

x2 θ =0 
η=0.1 

x(2= [1,2]T 

-x(3= [-2,1]T 

-x(4= [-1,2]T 

w(3)= [0.2,0.2]T 

Iteration 3  
w(3)=w(2)+ηΣmis-classifed samples 

[1,6] 
Correction 

vector 

Correction =  
Sum of all mis-

classified samples 
(wTx<0) 
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Perceptron – Example 1!

x(1= [3,1]T 

x1 

x2 θ =0 
η=0.1 

x(2= [1,2]T 

-x(3= [-2,1]T 

-x(4= [-1,2]T 

w(3)= [0.2,0.2]T 

Iteration 4  
w(4)=w(3)+ηΣmis-classifed samples 

wTx(1=0.8 
wTx(2=0.6 

wTx(4=0.2 

wTx(3=-0.2 

Correction =  
Sum of all mis-

classified samples 
(wTx<0) 
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Perceptron – Example 1!

x(1= [3,1]T 

x1 

x2 θ =0 
η=0.1 

x(2= [1,2]T 

-x(3= [-2,1]T 

-x(4= [-1,2]T 

w(3)= [0.2,0.2]T 

Iteration 4  
w(4)=w(3)+ηΣmis-classifed samples 

wTx(1=0.8 
wTx(2=0.6 

wTx(4=0.2 

wTx(3=-0.2 

[-2,1] 
Correction 

vector  

Correction =  
Sum of all mis-

classified samples 
(wTx<0) 
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Perceptron – Example 1!

x(1= [3,1]T 

x1 

x2 θ =0 
η=0.2 

x(2= [1,2]T 

-x(3= [-2,1]T 

-x(4= [-1,2]T w
(4

)=
 [0

,0
.3

]T 
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Perceptron – Example 1!

x(1= [3,1]T 

x1 

x2 θ =0 
η=0.2 

x(2= [1,2]T 

x(3= [2,-1]T 

x(4= [1,-2]T 

w
(4

)=
 [0

,0
.3

]T 

wTx(3<0 

wTx(4<0 

wTx(1>0 

wTx(2>0 
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Perceptron – Example 2!

x(1= [3,3]T 

x1 

x2 x(2= [3,4]T 

x(3= [2,0]T 

x(4= [1,3]T 
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Perceptron – Example 2!

x(1= [3,3]T 

x1 

x2 x(2= [3,4]T 
You cannot find 

a ‘w’ that is 
within 90° of 
both classes 

-x(3= [-2,0]T 

-x(4= [-1,-3]T 
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Perceptron – Example 2!

x(1= [3,3]T 

x1 

x2 x(2= [3,4]T 
You cannot find 

a w that is within 
90° of both 

classes 

-x(3= [-2,0]T 

-x(4= [-1,-3]T 

w= [1,1] 

wTx(1=6 

wTx(2=7 

wTx(4=-4 

wTx(3=-2 

wTx-θ >0 

wTx+θ>0 
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Perceptron – Example 2!

x(1= [3,3]T 

x1 

x2 x(2= [3,4]T 

wTx-θ >0 You cannot find 
a w that is within 

90° of both 
classes 

-x(3= [-2,0]T 

-x(4= [-1,-3]T 

wTx+θ>0 

w= [1,1]T 

wTx(1=6 

wTx(2=7 

wTx(4=-4 

wTx(3=-2 

θ=5 
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Perceptron – Example 2!

x(1= [3,3]T 

x1 

x2 x(2= [3,4]T 

wTx-θ >0 
The separating line will 
be perpendicular to w 

& 
Intercepts [θ/w1, θ/w2] 

x(3= [2,0]T 

x(4= [1,3]T 

w= [1,1]T 
θ=5 θ=4 θ=3 

w1x1+w2x2-θ=0 



28!

Perceptron!
g Consider the binary classification problem!

n  We have a dataset X={x(1,x(2,…x(N} containing 
examples from two classes C1 and C2"

g We want to find a linear discriminant function!

g The goal is to find the weight vector and the 
threshold or bias term (w0 = -θ)!

!

! 

g(x) = w1x1 + w2x2 + ...+ wd xd + w0

g(x) = wixi + w0
d
" = wT x + w0

>1 x #C1
<1 x #C2
$ 
% 
& 
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Perceptron!
g For convenience, we will absorb the intercept 

w0 by augmenting the feature vector x with an 
additional constant dimension:!

! 

y =

1
x1
x2

xd

" 

# 

$ 
$ 
$ 
$ 
$ 
$ 
$ 

% 

& 

' 
' 
' 
' 
' 
' 
' 

! 

a =

w0

w1
w2

wd

" 

# 

$ 
$ 
$ 
$ 
$ 
$ 
$ 

% 

& 

' 
' 
' 
' 
' 
' 
' 

Augmented feature vector Augmented weight vector 
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Perceptron!
g This mapping from d-dimensional x-space to 

(d+1)-dimensional y-space is mathematically 
trivial but nonetheless quite convenient:!

!
g To simplify the algorithm, lets replace y by 

negative(y) for all y belonging to class C2!
! 

g(x) = aT y
> 0 y "C1
< 0 y "C2
# 
$ 
% 

(Note: aTy=0 is d+1 dimensional hyper plane) 

! 

y "#y $y %C2
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Perceptron!
g Find:!

g To find this solution we must first define an 
objective function JP(a)!

n  A good choice is what is known as the Perceptron 
criterion function"

g  where YM is the set of examples misclassified by a.!
g  Note that JP(a) is non-negative since aTy<0 for all 

misclassified samples!

!

! 

g(x) = aT y > 0 "y

! 

JP (a) = "aT y
y#YM

$
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Gradient Descent!

[Notes borrowed from Gutierrez-Osuna] 
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Perceptron!
g To find the minimum of this function, we use 

gradient descent!
n  The gradient is defined by"
"
"
n  And the gradient descent update rule becomes"

n  This is known as the perceptron batch update rule.!

!

! 

"JP (a) = #y
y$YM

%

! 

a(k +1) = a(k) +" y
y#YM (k )
$
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Perceptron!
g To find the minimum of this function, we use 

gradient descent!
n  The gradient is defined by"
"
"
n  And the gradient descent update rule becomes"

n  This is known as the perceptron online rule.!

!

! 

"JP (a) = #y
y$YM

%

! 

a(k +1) = a(k) +"(y(i)
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Perceptron!
g  Perceptron learning!

n  X1 = [(1,6), (7,2), (8,9), (9,9)]"
n  X2 = [(2,1), (2,2), (2,4), (7,1)]"
n  Assume η=0.1"
n  Assume a(0)=[0.1, 0.1, 0.1]"
n  Letʼs use an online update rule"

g  SOLUTION!
n  Normalize the dataset"
n  Iterate through all the examples and update a(k) on the ones that are misclassified!

g  1. Y(1) ⇒ [1 1 6]*[0.1 0.1 0.1]T>0 ⇒ no update!
g  2. Y(2) ⇒ [1 7 2]*[0.1 0.1 0.1]T>0 ⇒ no update!
g   ….!
g  4. Y(5) ⇒ [-1 -2 -1]*[0.1 0.1 0.1]T<0 ⇒ update a(1) = [0.1 0.1 0.1] + η*[-1 -2 -1] = [0 -0.1 0]!
g  5. Y(6) ⇒ [-1 -2 -2]*[0 -0.1 0]T>0 ⇒ no update!
g   ….!
g  9. Y(1) ⇒ [1 1 6]*[0 -0.1 0]T<0 ⇒ update a(2) = [0 -0.1 0] +η*[1 1 6] = [0.1 0 0.6]!
g  10. Y(2) ⇒ [1 7 2]*[0.1 0 0.6]T>0 ⇒ no update!
g  ….!

g  In this example, the perceptron rule converges to a=[-3.5 0.3 0.7]!
n  To convince yourself this is a solution, compute Y*a (you will find out that all of the dot 

products are non-negative)!

!
[Example borrowed from Gutierrez-Osuna] 
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Mean Squared Error (MSE) Solution!

[Notes borrowed from Gutierrez-Osuna] 



37!

Mean Squared Error (MSE) Solution!

[Notes borrowed from Gutierrez-Osuna] 
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Mean Squared Error (MSE) Solution!

[Notes borrowed from Gutierrez-Osuna] 
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Mean Squared Error (MSE) Solution!

[Notes borrowed from Gutierrez-Osuna] 
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LMS rule!

[Notes borrowed from Gutierrez-Osuna] 
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LMS rule!

[Notes borrowed from Gutierrez-Osuna] 
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Perceptron vs. LMS!

[Notes borrowed from Gutierrez-Osuna] 
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Optimal Separating Hyperplane?!

[Notes borrowed from Gutierrez-Osuna] 
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Point-Plane Distance!

(X1A, X2A)!
(X1B, X2B)!

wTX+b = 0!

[Notes borrowed from Gutierrez-Osuna] 
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Max-Margin Linear Classifier!

[Notes borrowed from Gutierrez-Osuna] 
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Max-Margin Linear Classifier!

[Notes borrowed from Gutierrez-Osuna] 


